Abstract. We prove upper and lower bounds on the chromatic number of the square of the cartesian product of trees. The bounds are equal if each tree has even maximum degree.
Introduction
This paper studies colourings of the square of cartesian products of trees. For simplicity we assume that a tree has at least one edge.
For our purposes, a colouring of a graph G is a function c : V (G) → Z such that c(v) = c(w) for every edge vw of G. The square graph G 2 of G has vertex set V (G), where two vertices are adjacent in G 2 whenever they are adjacent in G or have a common neighbour in G. A colouring of G 2 corresponds to a colouring of G, such that in addition, vertices with a common neighbour in G are assigned distinct colours.
Let [a, b] := {a, a + 1, . . . , b}. The cartesian product of graphs
, and v j = w j for all j = i. In this case, vw is in dimension i. Let ∆(G) be the maximum degree of G.
This upper bound improves upon a similar bound by Jamison et al. [4] , who proved χ( This corollary generalises a result of Fertin et al. [2] , who proved it when each T i is a path, and thus G is a d-dimensional grid. See [1, 3, 4, 5, 6 ] for more related results.
Proofs
For a colouring c of a graph G, the span of an edge vw of G is |c(v) − c(w)|. The following lemma is well known; see [5] for example. Lemma 1. Let G be a graph. If G 2 has a colouring in which every edge of G has span at most s, then G 2 is (2s + 1)-colourable.
Proof. It is well known that a graph is (k + 1)-colourable if and only if it has a colouring in which every edge has span at most k; see [5] . If G 2 has a colouring in which every edge of G has span at most s, then every edge of G 2 has span at most 2s in the same colouring. Thus G 2 is (2s + 1)-colourable.
Lemma 2. For every tree T and non-negative integer s, T 2 has a colouring such that every edge of T has span in [s + 1, s + ⌈ 1 2
∆(T )⌉].

Proof. We proceed by induction on |V (T )|. If |V (T )| = 2 the result is trivial. Now assume that |V (T )| ≥ 3. Let v be a leaf vertex of T . Let w be the neighbour of v. By induction, (T − v)
2 has a colouring c such that every edge of T − v has span in [s + 1, s + ⌈ 
∆(T )⌉]} .
Each neighbour of w in T − v is coloured c(w) + x for some x ∈ X. Since |X| ≥ ∆(T ) and w has degree less than ∆(T ) in T − v, for some x ∈ X, no neighbour of w is coloured c(w) + Suppose on the contrary that c(x) = c(y) for two vertices x and y with a common neighbour v in G. Say vx is in dimension i, and vy is in dimension j. Thus v ℓ = x ℓ for all ℓ = i, and v ℓ = y ℓ for all ℓ = j. 
